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THE PURE THEORY OF UNEMPLOYMENT | NSURANCE:
Hoping For The W rst Wen Insurance is Available

by

Martin C. MGuire*

Frequently, a resource owner can sell sonme or all of his endowrent
at a fixed price in good times, but be cut off from his market entirely
in bad tines. A worker may choose his hours between leisure and |abor at
a fixed wage in good times, but be thrown out of work altogether in bad.
A small country may sell as much of its exportable as it pleases at the
world price in normal tinmes, but be cut off entirely from inports/exports
in time of war or energency. Oher exanples could be nultiplied.

Gven this prospect, the worker, small country, etc. should probably
want to take out insurance against the bad outcome, giving up some of its
regourcs AY earnings in good times in return fnr earnings indemmification
under the bad contingency. Depending on price, how nuch insurance is it
rational to purchase? One common benchmark price or exchange rate between
contingencies is the "fair price," sonmetimes also called the "actuarially
fair price," defined as the price at which expected benefits equal expected

costs, Or cxpcctcd monctary gain is nil. This papcr dcmonstratces that

when fair insurance is available. the rational resource owner if he is

risk neutral or risk averse wll necessarily buy so nuch jinsurance that

he would prefer the "bad" contingeney to occur.

This result anpunts to a special instance of the Arrow Debreu (1963,

1959) theorem that to achieve Pareto efficiency the nunber of narkets nust
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equal or exceed the nunber of contingencies plus goods. It derives from
the necessity that an optimzing consumer must trade off the benefits from
an optimal commdity mix under alternative contingencies against unequal

state utilities when markets are inconplete. The result depends in no way
on argunents from noral hazard (Pauly 1969). Those argunents hinge on
the incentive insurance may provide a subject to take less care thereby
raising the chance of the bad outcome, which he has insured hinself against,
but benefiting from the savings in effort on self protection. The result
does depend qualitatively on an ext ended definition of Arrow Pratt (1363,

1964) risk aversion as proposed by Kihlstromand Mrman (1974) viz. a concave
transformation of any one von Neumann-Mrgenstern utility function repre-

senting the same ordinal preferences. But it does not involve any presumed
ability to protect oneself against unenploynent by probability inproving
"self-protection” measures (Erliclhi and Becker, 1972)) wnur Iinteractious
between these and risk aversion (McGuire, Pratt and, Zeckhauser, 1991).

On the contrary, in the case to be studied here the probability of trade

cutoff or unenploynent is conpletely fixed.

ASSUMPTTONS :

a. There are two nutually exclusive states of the world: "peace,"

“trade," or "enploynent" is the good state designated by "1" and | wll
use the terms interchangeably to designate it: "war," "autarchy." or "un-
empl oynent™ is the bad state, and is designated by "o."

b. An agent possesses a fixed resource endowrent X. In the good state
any part X4 of this endowrent can be sold at a constant unit price w to
obtain WX, o= y , and the rest of X consuned. In the bad state, no trade

is allowed, and the entire endownrent must be consuned.



c. The agent has a state independent, strictly quasi-concave utility
function in two arguments, his consunption of x (xI if enployed, =x© if
not) and his consunption of y (yl if enployed and y° if not). This utility
function, V, is linear honpbgeneous in the argunments (x,y), or is any smooth
continuous concave or convex transformation U = f(V) of the same with contin-
uously increasing or decreasing first derivatives, f'(V). Each indifference
curve, by strict quasi-concavity, has strictly a dimnishing marginal rate
of substitution (MRS).

d. He acts so as to maximze the expected value of a Von Neumann-Morgen-
stern expected conposite utility W= pUl(-) + (1-p)U°(-), where p the proba-
biity of enmployment and (I-p) that of unenploynent are known and fixed.

e. He can protect himself against the loss of y-consunption if unenployed
by paying out the premum yi = (l-p)y:/p when (or if) enployed. In return
he receives insurance benefit y: if unenployed. Since -(l-p)y: + pyl =0

s

this insurance is actuarially fair.

THE OPTI MAL PURCHASE OF | NSURANCE:

Theorem At the maximum of W= W, U° >Ul , (where ™%" jndicates solution

val ues), provided £" < 0 throughout. In words, to nmeximze his expected
utility, this agent will purchase so much fair insurance that he is better

off if the "bad" event is realized and he collects his insurance benefit.

Proof: The maximand for this problemis
1 .- -
(1) Vo= pUT[(R-xp), (vxy-(1-plyD)] + (L-p)U°[R,py ]

. 3 - . o
First order condi tions with respect tn X, and yg are:

1
(2) .U}1<+wU>1,:o

(3) - Uk + ul

y y =0

wher e Uﬁ indicates the marginal utility of good h in state k.



CASE |: U linear homogeneous, ie risk-neutral: f(V) = U = V

This is a pivotal case upon which the extensions to risk averse and
risk preferring utility functions wll hinge. It will be developed in
the greater detail therefore. Since the nmarginal utility of good y is the
same across contingent states the ratio of x to y consumed and the marginal
utility of x must also be the sane across contingencies. This follows from
the honogeneity assunption. It follows from the budget-when-enmpl oyed con-
straint that x°* > x*. wth [xo*/yo*] = [xl*/yl*}, it then also foll ows
that y°¥ » yl*. Wth consumption of both comodities higher in war (unem
pl oyment) than in peace (enploynent) it follows that utility must be higher
in the former state. QED.

This result is readily pictured in Figure 1. There are tw parts to
the diagram that to the left of the vertical through the resource endownent,
X, and that to the right of this vertical. To the left of ¥ is shown the
opportunity set during employnment and the effects on utility-when-enployed
of endowment sales. The x-endowrent may be sold for two purposes: to obtain
y for consunption when enployed, or to pay insurance premuns for benefits
if unemployed. To the right of X is shown the i ntercontingency transformation
of premiuns into insurance reinbursements at fair-odds prices. Under condi-
tions of enployment or peace, exchange at price w would be pursued along

(¢}
price line q if no insurance were purchased up to a point of tangency at

U]-l (i being initial utility when enployed). If no insurance actually were

purchased, unenployment would give consunption point (x,0) and utility

UO'. However, by spending yik to purchase ygk of insurance at the fair price
of yik = [(l-p)/p]y:k the peacetine enployment line shifts in to -qk, utility

if enployed drops to Utk and utility if unenployed rises to U°k. As y: and

yl increase the consunption poi nt when enpl oyed retreats along the i ncone
S



expansion path, S. (This expansion path has slope "g™ indicating the if-
enpl oyed consunption ratio yl/xl') As consunption-when-enpl oyed retreats
along S, the consumption point if unenployed clinbs along the vertical through
x. The optimum in expected utility is reached at the intersection of these
two curves giving yo* and unenpl oyment utility of uo¥,

A conplenmentary way to summarize this result is also shown in Figure
2. There the cost (neasured in expected utility terns) of insurance purchase

is the reduction in Vl = Ul weighted by p, while the benefit again in expected

o

utility terns is the gain in V = U0 weighted by (l-p). Wth V a CRS func-

tion, the weighted cost is linear as consunption-when-enployed retreats
along path S and the weighted gain is dimnishing as consunption-when-un-

empl oyed clinbs the vertical through X. If the elasticity of substitution
g were (a) infinite, or (b) zero and indifference curves, therefore, were
(a) straight lines or (b) sharp vornered, ihe benefil curve iN Fig 2 would
(a) also be linear or (b) be linear and have a kink at the benefit limt
where the income expansion path and vertical through x intersect. The
argument above sinply denmonstrates that the expected utility maxi mum where
probability weighted marginal benefits equal probability weighted narginal
costs occurs to the right of the intersection or equality of the two total,

unwei ghted utility conponents. At that intersection or equality, VO =
Vl’ whereas to the right of it, utility-if-unenployed exceeds wutility-if-

enpl oyed.

CASE Il: U risk-averse: £'> 0. f* < 0

To address the effect of risk aversion, the "underlying" |inear honogen-
eous function, V, is not altered; the same ordinal rankings and indifference
curves as in Fig. 1 apply, except now these are renunbered. The necessary

condition shown in eg. (3) can be re-witten



1,1
(3a) B h VisT) + E£1(V°) V(%) = 0
y ¥y
Wth the primtive utility function, V, first degree honmpgeneous, its first
. . . . . . k
partial derivatives are functions of the consunption ratios, s , only.
Since this is inportant in the argunent to follow the dependence is shown
o * 1% . .
explicitly. To show that P > U after optimal insurance has been purchased
. . . . . * *
at fair prices, assume otherwise. The indifference curve through (x1 ,yl)
being convex with negative slope intersects the vertical through x, at a
|lesser value of s; and at a still lower value of s for a |lower value of

* o¥, * o% . .
VO e ¥ 7 s This entails vi¥ < v Wence to maintain eq (3a),

Y .

f'(Vl*) > f’(Vo*); this in turn entails \/0* > Vl*, a contradiction. Thus
if £ >0 and f" < 0O, Uo* is strictly greater than Ll*. QED

Figure 3 illustrates, adjusting Fig 2 to incorporate dimnishing
returns to scale, and using for the origin of f(V), the value of V which
can be achieved equally in or irrespective of which state of the world
occurs, ie the value of v = Vl = v®. s shown, the concave transformation
of V changes expected marginal utility cost of insurance from a constant
to an increasing function of the amount of insurance provided, and at the

same time accelerates the decline of the marginal benefit function. The

upshot of these two effects is that risk aversion reduces the eauilibrim

insurance purchase but not so nuch that unenul ovhent becones |ess desirable

than ew ovnent.

CASE |11: U risk-preferring: £ > 0. £* > 0

The potential for nultiple optima and corner solutions inherent in
the non-convexities introduced by risk preference show up pointedly in
this analysis as well. Conpared with the risk neutral outcome, a positive

convex transformation f(V) can lead to two types of alternatives. Imgine



. . . . * .
starting from the risk-neutral optimm (with U°™> ul* of course), and in-

creasing f" slightly from zero. One possible effect is for _nore insurance

to be purchased and the superiority of "war" over "peace' to increase. A

second possibility is that risk preference requires purchase of less fair
insurance-- so nmuch less that war or unemploynment is not fully insured
and renmmins the less desirable outcone.

In the first of these cases the unenploynment consunmption point noves

. . o* . . * 1%

up the vertical above the risk neutral Vg In this region g >u ,
* * * * . . . * %
O s st and 12 < Ul . Consistency with eq. (3a) requires f' LR f'l

Y Y
and therefore risk preference in the utility function, f£" > 0.

In the second of the above nentioned cases, the unenployed consunption

poi nt noves below the risk neutral y°. In this region s < sl* and therefore
* % * *
US( > Ui . Consistency with eq. (3a) requires f' " < f'l . Thus if £"

*
>0 then VO < vi¥.

Both these cases are illustrated in Fig. 4 where the probability weighted
underlying function of benefits and costs from the risk-neutral case has
been subjected to a convex transformation through the point where u° =
Ul, This increase in f" causes the weighted marginal utility cost to change

from constant to declining, and the weighted marginal wutility benefit to

change shape as shown. The possibilities for multiple solutions are clear.

FORTHER ANALYSIS CF RISK NEUTRALITY:

Corollary: It follows from the construction of Fig 1 that under risk
neutrality optimzed (insurance protected) unenployment utility is unaffected
by the probability of unenployment. For lower values of p -- ie lesser

likelihood of peace, uninterrupted trade, or enployment -- the optimzed



val ue U°* remains unchanged with all the utility deticit absorbed by | ower
and |ower UL¥,

Proof : This follows from the honogeneity assunption. Wt h U}l,*z
U%* as required the unenploynment and enployment consunption bundles must
lie on the same ray through the origin. The unenpl oyment  consunption bundle
however nmust lie on the vertical through X. The intersection of these
two lines is unique. QED.

Corollary: As the probability of wunenployment or trade disruption
increases fromzero to unity, gross earnings (inclusive of insurance prem uns)
when enployed rise nonotonically; insurance prem um paynments rise nonoto-
nically and at a rate faster than the rise in earnings; and the proportion
of gross earnings replaced declines nmonotonically. There is a critical
probability of unenploynent |-p below which the rational insurer replaces
more than his gross earnings and above which the rational insurer replaces
less than his gross earnings. The corresponding critical value of p is p
= w/(w +s), where w = wage rate, or sales price of exports, and s = slope
of income expansion path at wage-price w.

Pr oof : See Figure 5. The slope s is shown as the ratio of average

propensities to consume y and x; ie s =[vy/(l-y)]; Consider a probability

A
of enpl oynent, '1;, such that it is optimal to expend the amount ysl* = [(1-
A A
p)/p]yg* pi ctured. This shifts the budget or wage line down as shown.

The optinum resource supply then becones [(;r(lz*/w)+(;sl*/w)], which vyields
a gross earnings when enployed of [),r\c]‘*+ ')%*], to be divided between consump-
tinn when emplayed oFA}:, and insurancep r e m i u m when employed n’\fl*ys
For the case shown, 'S is not |ow enough to induce so nuch work when enpl oyed

that earnings in that contingency nmatch insurance if collected. Only when

. . . a  o%
the optimal insurance premium reaches [(l-;)/p]yg does the level of gross



earnings when enployed rise to equal the amount of insurance purchased,
[In the case of CES utility with elasticity ¢, and "input intensity para-
meters" § for good x and 1-S for good y, the critical value of (l-p)/p
becones [§s{exp(-1/0)]-s[exp({l-0}/0)]1].

Corollary: For every value of [p,(l-p)], there is a value of s (the
slope of the incone expansion path S ie the optiml proportion of y- to x-
consunption) which induces the risk neutral consunmer insuring at fair odds,
to allocate his entire earnings-if-enployed to insurance prem uns. Moreover,
such an insurer may give up “alnost" his entire endowment of & to earn Y
to buy premums to cover his unenploynent.

Proof : By inspection of Figure 1, for any p, or fair odds line, if

*

S is great enough, y: will be great enough in turn to require a }4: whi ch

absorbs X in its entirety.

Effect of Wage-Price on Insurance: If good x is normal one wage rate
maxi m zes insurance demand. This is shown in Figure 6. as Weg o
Extension to "Unfair' Insurance: Fair insurance is a rarity. Insurance

conpanies usually add a "loading factor" for nunerous reasons such as to
recover admnistrative costs, to yield a profit, or to anticipate noral
hazard or adverse selection. To represent this effect, let the unit price
of insurance be not (1-p)/p which is the "fair" price, but instead {{(1-
p)/plr +g]. This adjusts the fair price by a fixed unit charge "g" and a
"rigk inflator, r." Wth this adjustment the necessary conditions for a

expected utility maxinum becone

(&) - }]E+ WU}l, =0
(5) (l'P)Ug - pl ((1-p)/P)T + g]Ug‘, =0

If "g" in (5) above is zero and only the risk-inflation factor enters,
the change conpared to fair insurance is slight. (a) The optinmal purchase

9



of insurance renmains fixed independent of p, though at a |ower anpunt than
with fair insurance. (b) It no longer is possible a priori to assert that
wel fare when wunenployed is necessarily greater than when enployed; the
outcome can tip either way depending on the ordinal wutility function.
However, if earnings net of the insurance premium are fully replaced or
more it is clear welfare is higher in the unenployed state; and it is clear
moreover that the higher the likelihood of wunenployment the nore probable
will this be true. (c) Simlarly, as in the no-load fair insurance case,
when the probability of unemplayment (I1-p) rises, unenploynent wutility is
protected completely (though at a lower level than in the fair insurance
case) and all burden is allocated to the state when enployed. (d) Siml-
arly meximum insurance is purchased at the wage which generates maximm
y/x consunption when enployed. This occurs at the same tangency point as
shown in Figure 6, except the amount of insurance is dimnished.

Wien the fixed loading factor "g" takes on a non zero value the analysis
becomes |ess predictable. For now as the probability of unemploynent in-
creases, the ampunt of insurance purchased first declines and then rises
again. This can be seen from differentiating eq (5) to obtain

° . a2 1-p)2]a
(6) Uyydys gy[( p)/(1-p)<]dp

0

for p 2 1/2 it follows dyg/d(l-p) £ 0. Thus at p = 1/2 the amount of in-

surance reaches a nmaxi num

| MPLI CATI ONS AND CONCLUSI ONS:

This analysis is representative of @ broad class of sgituations in which
i ndi viduals or groups are at risk of being thrown back on their own resources
and cut off from markets. The message of the analysis is that a tendency

exists for individuals subject to such risks to rationally desire so nuch

10



insurance that they hope "disaster" strikes. This tendency is attenuated

for risk averse individuals or if insurance cannot be bought at a fair

odds price, but it -still exists. This phenonenon may explains in part
why unenpl oyment insurance is not generally available on a private basis,
let alone at "fair" insurance rates; it interacts powerfully wth noral

hazard to produce sinply too great a tenptation to becone unenpl oyed. Never-

theless, in sone cases a type of unenploynent insurance close to this may

be provided by the enployer. Sometimes if one becomes "rift" and/or his
position declared wunnecessary aud ot to be refilled, retirement UIl &L
unreduced pension at age 50 is allowed. It is not unknown for people to
at least hope they become "rift". Enployers and insurance conpanies face

a not dissimlar situation when they provide or allow the enployee to purchase

"disability" insurance. A nminor disability might noIbe so bad if one's
earnings are fully replaced. Typically in private disability insurance
plans --which definitely do not provide "fair" insurance -- a strict limt

is set on the proportion of regular earnings which can be replaced.

Anot her application of this analysis arises in trade anong nations.
An energency trade disruption which leaves a country's productive resources
over-specialized in its export good is very simlar to the worker unenpl oyment
case (McGuire, 1990). In fact the prevalence of other protective measures
over insurance conmpacts with other countries may be explained by the adverse
incentives inherent in "unempl ayment of resource insurance®™a s  elaharated

here.

11
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